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PROBLEM I: 
Solve the heat equation
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with the boundary conditions
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and the initial condition 
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SOLUTION:

By separation of variables method
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 should be negative, otherwise, heat will increase according to time. So,
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Using boundary conditions:
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To write the most general solution, we have to add all possible solutions:
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Applying initial condition:
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By inverting Fourier series and using
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After integrating the right side, we get:
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Lastly; by writing 
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 in an easier form, the general solution will be:
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PROBLEM II: 
Write the program that compares forward difference method and backward difference method and Crank Nicolson method with the exact solution of the given equation above. Plot all the solutions on the same graph.
SOLUTION: 
Matlab code written for the heat problem is:
	% CLEAR EVERYTHING

clear all, clear, clc, close all;

% SMALL INCREASE VALUES

h = .1;
r = .3;
dt = r*(h*h);

% CALCULATE EXACT SOLUTION at T = 0.1

ex = [0:0.01:1];
u_ex = zeros(size(ex));
T = .1;         

for i=1:1000,

  u_ex = u_ex + 8/pi/pi * sin(i*pi/2)/i/i * exp(-(i*pi)^2*T) * sin(i*pi*ex);

end

% X-T VECTORS --> GRID

x = 0 : h : 1;
t = 0 : dt : T; 

% CALCULATE SIZE of X and T

n = length(x);
m = length(t);

% INITIAL CONDITION ( triangle )   F: forward diff.  C: crank nic.  B: back. diff.
F = zeros(n, m);
F(:,1) = [1 - abs([-1 : 2*h : 1])]';

C = F;
B = F;

% HELPER MATRICES to CALCULATE APPROXIMATE SOLUTIONS

D = diag(ones(1,n-2));
D3 = diag(ones(1,n-3),1) + diag(ones(1,n-3),-1);

% CALCULATE the APPROXIMATE SOLUTIONS

for k = 1 : m-1;

    F(2:n-1,k+1) = ((1-2*r)*D + r*D3) * F(2:n-1,k); 

    B(2:n-1,k+1) = ((1+2*r)*D - r*D3) \ B(2:n-1,k);

    C(2:n-1,k+1) = ((1+r)*D - r*D3/2) \ ((1-r)*D + r*D3/2) * C(2:n-1,k);

end

% PLOT the RESULTS

plot(x',F(:,1),'-c',ex,u_ex,'-g',x',F(:,m),':*r',x',C(:,m),':*b',x',B(:,m),':*b');

legend('Init. Cond.', 'Exact Sol.', 'Forward Diff.', 'Crank Nic.', 'Back. Diff.');

xlabel('x');
ylabel('u(x,t) at t = 0.1'); 
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