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BiR FONKSIYONUN TUREVINi YAKLASIK OLARAK HESAPLAMA (5 Nokta i¢in)
X1 = Xoth, X, = X;+h, X3 = Xp+h, X4 = x3+h olmak lzere,
Herhangi bir fonksiyonun 5 nokta i¢in Lagrange agilimini yaparsak;
f(x) = f(X0).Lao(x) + f(x1).La1(x) + f(X2).Lan(x) + f(x3).Las(x) + f(x4).Las(x) + H
H = (x —Xo) (X — X1) (X — X2) (X — X3) (x — x4).TV(E(X)) / 5!
olduguna gore, lagrange polinomlarini olusturalim:
Lio(x) = (X —X1) (X —X2) (X — X3) (X —X4) / (X0 — X1) (X0 — X2) (X0 — X3) (X0 — X4)
Lii(x) = (X —Xo0) (X — X2) (X — X3) (X —X4) / (X1 — Xo) (X1 — X2) (X1 — X3) (X1 — X4)
Lix(x) = (X —X0) (X —x1) (X — X3) (X —X4) / (X2 — X0) (X2 — X1) (X2 — X3) (X2 — X4)
Lis(x) = (X —X0) (X —X1) (X —X2) (X —X4) / (X3 — Xo) (X3 — X1) (X3 — X2) (X3 — X4)
Lia(x) = (X —X0) (X —X1) (X —X2) (X —X3) / (X4 — X0) (X4 — X1) (X4 — X2) (X4 — X3)
olarak bulunur. Buradan, f(x)’in tiirevine bakarsak,
£7(x) = f(X0).L’40(x) + f(x1).L’41(X) + f(X2).L742(x) + f(x3).L’43(x) + f(x4).L44(x) + H’
H =[(x —X1) (X —X2) (X — X3) (X — X4) T (X — X0) (X — X2) (X — X3) (X — X4)
+(X—X0) (X —X1) (X—X3) (X —X4) +(X—X0) (X—X1) (X —X2) (X —X4)
+ (X = X0) (X = X1) (x — X2) (X = x3) }.fIEX)) ]/ 5!
+ [ (x = X0) (x = X1) (X — X2) (x = X3) (x — x4).Dx{ {7(E(x)) }1/ 5!
Yukarida bulunan Lagrange Polinomlarinin tiirevine bakarsak;

Luox)=[x—-x1) (x—X) (X—X3)+ (x—X1) (X —X2) (X —X4) + (X —X1) (X — X3) (X — X4)
+(x —X2) (X — X3) (X — X4)] / 24h*

L741(x) = [(X — X0) (X —X2) (X = X3) + (X — Xo) (X — X2) (X — X4) + (X = Xo) (X —X3) (X — X4)
+(x —X2) (X — X3) (X — X4)] / —6h*

LX) =[(x—%x1) (x—Xo) (X —X3) + (X —X1) (X —Xo) (X —X4) + (X —X1) (X — X3) (X — X4)
+ (X — Xo) (X — X3) (X — X4)] / 4h*

L’43(x) = [(X = x1) (X = X2) (X = Xo) + (X = X1) (X = X2) (X — Xa) + (X = X1) (X — X0) (X —X4)
+(x — X2) (X — X¢) (X — X4)] / —6h*

Luax)=[(x—x1) (x—%) (X—x3) + (X —X1) (X —X2) (X —X0) + (X —X1) (X — X3) (X — Xo)
+(x — X2) (X — X3) (X — X0)] / 24h*



Boylece L’4i(x;) , {i,j € N*} degerlerini artik hesaplayabiliriz.

L’40(xo) = — 50h* / 24h* =-25/12h
L’s0(x1) = — 6h* / 24h* —_1/4h
L’so(x2)= 2h°/24h* =1/12h
L’s0(x3) = — 2h* / 24h* —_1/12h
L’so(xs) = 6h®/24h?* =1/4h
L’4’1(Xo) = — 24h3 / -61’14 = 4 / h
L’s(x))= S5h®/-6h* —_5/6h
L’4’1(X2) = 41’13 / -6h4 = — 2 / 3h
L’41(x3) = — 3h*/ -6h* =1/2h
L’4’1(X4) = 81’13 / -6h4 =—4 / 3h
L’4’2(Xo) = — 12h3 / 4h4 = — 3 /h
L’ss(x1)= 6h*/4h* = 3/2h
Lsa(x2)= 0

L’452(X3) = — 6h3 / 4-h4 = — 3 /2h
L’4’2(X4) = 121’13 / 4h4 =3 /h
L’4’3(Xo) =— 8h3 / -61’14 = 4 / 3h
L’ss(x))= 3h*/-6h* = _1/2h
L’4’3(X2) =— 4h3 / -61’14 = 2 / 3h
L’4,3(X3) = — 5h3 / -6h4 =5/6h
L’4’3(X4) = 24h3 / -61’14 = — 4 / h
L’44(xo) = — 6h° / 24h?* =_1/4h
L’sa(x1))= 2h*/24h* —1/12h
L’44(x2) = — 2h* / 24h?* =_1/12h
L’4,4(X3) = 6h3 / 24h4 = 1 /4h
L’s4(xs) = SOh®/24h* =25/12h

Tiim bunlar1 hesapladiktan sonra artik formiillerimizi ¢ikartabiliriz.

f(xo) = (-25f(x0) + 48f(xo + h) — 36f(xo + 2h) + 16f(xo + 3h) — 3f(xe + 4h))/12h + hy

f(x, = xoh) = (=3f(xo) — 10f(xo + h) + 18f(xo + 2h) — 6f(xo + 3h) + f(xo + 4h))/12h + h,
f(x,= xo+2h) = (f(x0) — 8(xo + h) + 8f(x0 + 3h) — f(xo + 4h))/12h + h,

f(xs= xo+3h) = (—f(x0) + 6f(x0 + h) — 18f(xo + 2h) + 10f(xo + 3h) + 3f(xo + 4h))/12h + h;
f(x4= xo+4h) = (3f(x0) — 16f(xo + h) + 36f(xo + 2h) — 48f(x + 3h) + 25f(xo + 4h))/12h + h,

M

Yukaridaki denklemlerdeki h; {i € N*}hatalarin1 asagidaki H* degerine gore hesaplarsak;

H =[(x—x)) (X—x2) (x —X3) (X —X4) + (X —Xg) (X — X2) (X — X3) (X — X4)
(X —Xo) (X = X1) (X = X3) (X —X4) +(X—Xo) (X —X1) (X —X2) (X — X4)
+(x—X0) (X —X1) (X — X2) (x — x3) }.TOE(x)) ]/ 5! +0 olduguna gore:
ho = h*.f(&) /5, hy=—h*f9(&) /20,
hy=—h'f9(E) /20 ve hy=hf9(E) /5

h, = h*.£9(%,) / 30,

olarak bulunur.



Yukarida buldugumuz formiillerden 5. si i¢in X, yerine X, — 4h yazarsak
f(xo)) =—(3f(xo—4h)— 16f(xo — 3h) + 36f(xo — 2h) — 48f(xo —h) + 25f(x0))/12h + h4
elde edilir. Burada da h yerine —h yazdigimizda
f(xo) = (-25f(x¢) + 48f(xo + h) — 36f(x + 2h) + 16f(x, + 3h) — 3f(xo + 4h))/12h + h,

elde edilir ki bu ilk denklemin kendisidir.

Ayni sekilde 2. denklemde x, yerine xo — h ve 4. denklemde x, yerine xo — 3h yazarsak
f(xo) = (-3f(xo—h)— 10f(x0) + 18f(x + h) — 6f(x + 2h) + f(xo + 3h))/12h + h,
f(xo) = (—f(xo— 3h) + 6f(xo — 2h) — 18f(xo — h) + 10f(x¢) + 3f(xo + h))/12h + h;

Yukaridaki ikinci denklemde h yerine —h yazdigimizda iisttekine esit oldugu agiktir.

Son olarak, bulunan 3. denklemde x, yerine X, — 2h yazarsak;
f(xo) = (f(xo— 2h) — 8f(xo — h) + 8f(xo + h) — f(x + 2h))/12h + h,

ifadesi elde edilir.

Yukarida buldugumuz tiim denklemleri bir arada gostermek gerekirse:

Bir Fonksiyonun Tiirevini X, Civarinda Yaklasik Olarak

f(x0) = (f(Xo— 2h) — 8f(xo — h) + 8f(xo + h) — f(xo + 2h))/12h + h*.£9E,) / 30
f(xo) = (-3f(xo— h) — 10f(x0) + 18f(xo + h) — 6£(x + 2h) + f(xo + 3h))/12h — h*.fI(E) /20
f(xo) = (—25f(x0) + 48f(xo + h) — 36f(xo + 2h) + 16f(xo + 3h) — 3f(xo + 4h)) /12h + h* £9(&,) / 5

formiillerinden biri ile hesaplayabiliriz.

NOT:

1. Ikinci formiilii birinci ve {iciincii formiilden elde etmeye calistim ama
basaramadim.

11. Odevin bilgisayarda hazirlanmus hali i¢in:

http://www.geocities.com/beycan_kahraman/Odevler/2005/Sayisalll.zip



http://www.geocities.com/beycan_kahraman/Odevler/2005/SayisalII.zip

